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Abstract

M. Tsuji[3] generalized the result of H. Weyl[4] concerning the theory of uni-
formly distribution to the case of weighted means. And the case of the weighted
uniformly convergence was generalized by the auther’s paper[1]. T. Kano[2] showed
the necessary and sufficient condition for a sequence to be weighted uniformly dis-
tributed mod 1 when a weight and a sequence satisfy some conditions.

It is our aim in this paper to extend Kano’s result to the case of weighted uni-
formly convergence.

Now we shall begin with two key definitions:

Let f be a complex-valued continuous function on (—ee, +o0) with period 1.

Definition 1. The sequence (X.) is said to be (M, Zz)-uniformly distributed
mod 1 (abbreviated (M, 4,)-u. d. (mod 1) if

=S:f (x)dx

n-oo

where

[=°)
An=,{1-|-]2+... +ln, 112222"'2ln2"‘>0, 2 jn=oo_

Definition 2. The sequence (x.) is said to be (M, 4.)-well distributed mod 1
(abbreviated (M, 4.)-w. d. (mod 1) if

1
lim —— Z A f(Xy)=S f(x)dx uniformly in k=0,1,2, -,
n 500 A“ 5+ 0

Ak=lk+1+xk+2+"'+xk+n, 2k+1;2k+22'”21k+n2"'0- §5k+n=°°.

Kano[2] proved the following theorem :
Let 4,=2(n), where A(t)>0(t>1) is a non-increasing function of class C'[1, o)
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such that S:l(u)du—wO, and let g(t), defined for t=>1, be such that

(a) g)€CY1, ),
(b) g®—0 (t—>oo)

1 (t) ' .
(c) lgg X(t) a (g (t)) exists.

Then {g(n)} (n=1,2,-+) is (M, A)-uniformly distributed mod 1 if and only if

e g (t) —> 400 —> 00
Qe EL{ atwdu—x (t—>0).

We shall state the following extension of above Theorem.
Theorem 1. Let 2(t)>0(t>1) be a non-increasing function of class C![1, o)

such that S::Z(t)dtﬁoo uniformly in k and let g(t), defined for t>1, be such

that
(a) g@)€eCH1, o),
(b) g’(t)—>0

. At+K)
() Bm ey ot (g (t+k))

exists, and the convergence is uniformly in k=0,1,2, -,
Then {g(n)} is (M, 2)-w. d. (mod 1) if and only if

g’ (t+k) [+ et
Q=8| Madu-x

as t—oo, uniformly in k.
Lemma. Let g(t) be such a function defined for t>>1 that

(i) g eCy1, =)
(il) g’(t)—0, not monotone,

d .
(i) 11_2510 (g 70) ) exists.
then
d (1 \_
lim 3¢ (g'(t))"o‘

Proof. First we assume liminf>0. From the assumption, there is a continuous
function h(t) such that

d (1 \_
at (‘_g' (t)‘) =h®>0
hence

2900y — —h()
R T

By the assumption (ii), the sign of g’/(t) changes infinitely many times as t
tends to infinite. This contradicts the assumption of h(t). Therefore liminf=<0.
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In the same way, it would follow that limsup=0. The proof is complete. (q. e. d.)

Proof of Theorem 1. From the above lemma, the limit of condition (¢) is 0.
Hence, by easy computation, Q«(t) tends to oo uniformly in k=0,1,2, - ,. Next
we shall show the sufficiency. We begin with the case that Qx(t)—a0 as t—oo.
by ()

A&+Kk) —>00
(1) -GG =LA+ +oGE D) (oo,

By Euler summation formula
( 2 ) k‘%‘: l<u)627rimg(v)=Sk+n,{(t)ezwimg(t)dt +O(Sk+n /I(t)dt)
v=k+1 L k+1 .
If we assume that {g(n)} is (M, 4)-w. d. (mod 1) we have by (2)

[ anermmswdr=o(["" acat)

k+1
On the other hand integration by parts shows

(3) (Znim)S:::‘](t)eZFimg(t)dt A(k+n) @2mimg (k+n) _ A(k+1) Q2mimg (k+1)

& (K+1) g (k+1°
(5 amimgy_d (A
[ emmeo-ge ()

By (1), we obtain

e & (29 Jare 1 oot [ ).

From (3)

arimge+ny — 8 (K+n) 2mimg () 2&K+1) omimga+n
glmimg (kt o) [(anm)s X(t)e 8 dt+-————,(k+l)e J

A e (350

_ /A [ AHD amimecern 4o (5 _
e Ly Ger ool 1ot | =0

since assumption of A(t) and Qi (t)—a=0. Hence we obtain
e2‘rrimg(k+n)=o(1)‘

which is a contradiction. Next we assume Qi(t)—zxoo uniformly in k. By Euler
summation formula, we obtain (2). Hence from (c¢) and assumption of (1),

k+n ) k+n . .
zzrimskﬂ/I(t)ez""‘"l("dt=O(Sk+1 l(u)du) uniformly in k

Lastly we prove that {g(n)} is not (M, 4u)-u. d. (mod 1) when Q«(t)—0. This
is a conseequence of the following theorem. (q. e. d.)

Theorem 2. Let g(t) be differentiable for t>1 and let A(t) be the same
function in Theorem 1. If

g/ (t+k) (*** - oo
WS 2(u)du—0 t )



4 Kazuo Goto

then {g(n)} is not (M, A.)-w. d. (mod 1).
Proof. We assume

g’ (t+k) [+ 0
(t+k) Smx(u)du 0, t=>eo,

and further

k+n . k+n
(4) 3 aemms—of 51 2,

v=k+1 v=k+1

when n—>oco, Then we have

g’(t+k) (t, +kl N
2(t+k) vgﬂcv 0,

(5) g'<t+k>=o(—_‘(t+k> )
A

(t)+k

v
v—1+k

On the oter hand partial summation formula shows

Lol

+n

k+n—1
(6) Re 2,efmime ) v==§1 ©, —C_,,+1)/15 + Cirads

v=k+1
where
C,=cos(zmg(®))
k+n—1 k+“._1
(1) | 2 C=Cruds|> T

k+1

Cv _Cv+l

Amolt)
since (5), 4(t)| and Ax*Teo. Therefore from (4), (6) and (7)
Crsn=cos(2zmg(k+n))=0(1).
and similary
sin(@2zmg(k-+n)) =o0(1).

that is, we obtain, as t—oo

ezwimg (k+n) =0(1).

This is a contradiction. (qg. e. d)
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